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A microscopic calculation of the equation of state for asymmetric nuclear
matter is presented. We employ realistic nucleon-nucleon forces and operate
within the Dirac-Brueckner-Hartree-Fock approach to nuclear matter. This
work will merge naturally into the development of an effective interaction
suitable for applications to asymmetric nuclei, which will be one of the focal
point for nuclear physics in the future.
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I. INTRODUCTION
Nuclear matter is an idealized uniform innite system of protons and neutrons under
their mutual strong forces and without electromagnetic interactions. Symmetric nuclear
matter (that is, equal densities of protons and neutrons) has been studied extensively. The
so-called conventional approach to nuclear matter goes back to earlier works by Brueck-
ner and others [1-6] and is known as the BHF (Brueckner-Hartree-Fock) theory. During
the 1980’s, the Dirac-Brueckner-Hartree-Fock (DBHF) approach was developed [7-9]. The
break-through came with the observation that the DBHF theory, unlike the conventional
one, could describe successfully the saturation properties of nuclear matter, that is, satura-
tion energy and density of the equation of state (EOS). The DBHF method adopts realistic
nucleon-nucleon (NN) interactions and contains features of the relativistic theory. It char-
acterizes the nuclear mean eld by strong, competing scalar and vector elds that together
account for the binding of nucleons as well as the large spin-orbit splitting seen in nuclear
states. The DBHF framework is perhaps the most reliable, as well as feasible, microscopic
method to describe eective interactions in the nuclear medium.
Asymmetric nuclear matter has been studied to a lesser degree. Systematic empirical
investigations to determine the saturation properties of asymmetric matter have so far not
been done. >From the theoretical side, some older studies can be found in Refs. [10,11]. In-
teractions adjusted to t properties of nite nuclei, such as those based on the non-relativistic
Skyrme Hartree-Fock theory [12] or the relativistic mean eld theory [13], have been used
to extract phenomenological EOS. Generally, considerable model dependence is observed
among predictions based on dierent EOS [14]. Variational calculations of asymmetric mat-
ter have also been reported [15].
The purpose of this paper is to present and describe microscopic calculations of the
equation of state for asymmetric matter. We use realistic NN forces and operate within
the DBHF framework. Recently, much interest has developed around the study of highly
asymmetric nuclei (in particular, extremely neutron-rich nuclei, and halo nuclei). If approved
for construction, the Rare Isotope Accelerator (RIA) will map the limits of nuclear existence
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and allow the study of the unique nuclear systems which populate those boundaries. Thus,
it is important and timely to develop microscopic eective interactions which can account
for the asymmetry between proton and neutron densities.
In our self-consistent approach, a calculation of nuclear matter properties yields, at the
same time, a convenient parametrization of the density dependence in the form of nucleon
eective masses. This information can then facilitate the calculation of the scattering matrix
at some positive energy, and nally of an eective interaction suitable, for example, for
proton scattering on asymmetric nuclei. This interaction will be \isospin dependent", in the
sense of being dierent for the nn, pp, or np cases. Applications to scattering will be the
next step in our pursuit.
Here, we will rst describe our DBHF calculation of asymmetric matter (Section II). In
Section III we will present and discuss results for the EOS at various levels of asymmetry.
Conclusions and plans for future applications are presented in Section IV.
II. DESCRIPTION OF THE CALCULATION
Asymmetric nuclear matter can be characterized by the neutron density, ρn, and the
proton density, ρp. It is also convenient to dene the total density ρ = ρn + ρp and the
asymmetry (or neutron excess) parameter α = ρn−ρp
ρ
. Clearly, α=0 corresponds to symmetric
matter, and α=1 to neutron matter.






the neutron and proton Fermi momenta can be expressed as
knF = kF (1 + α)
1/3 (2)
and
kpF = kF (1− α)1/3, (3)
respectively.
We use the Thompson relativistic three-dimensional reduction of the Bethe-Salpeter
equation. The Thompson equation is applied to nuclear matter in strict analogy to free-
space scattering and reads, in the nuclear matter rest frame,
gij(~q
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where ij=nn, pp, or np, and the asterix signies that medium eects are applied to those




(mi )2 + K2. The momenta of the two interacting particles in the nuclear matter
rest frame have been expressed in terms of their relative momentum and the center-of-mass









The energy of the two-particle system is
ij(~P , ~K) = e

i (
~P , ~K) + ej (~P , ~K) (7)
and (ij)0 is the starting energy. The single-particle energy e

i includes kinetic energy and
potential energy, see below. The Pauli operator, Q, prevents scattering to occupied states.
To eliminate the angular dependence from the kernel of Eq.(4), it is customary to replace
the exact Pauli operator with its angle-average. Detailed expressions for the Pauli operator
in the case of two dierent Fermi momenta are given in Appendix A. It is also customary to


















one can rewrite Eq.(4) as
Gij(~q










Qij( ~K, ~P )
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which is formally identical to the non-relativistic equation. We make use of the denitions
Eqs.(8-9) throughout this paper, which is why all formulas involving the opertor G appear
identical to their non-relativistic equivalent.
The goal is to determine self-consistently the nuclear matter single-particle potential
which, in our case, will be dierent for neutrons and protons. To facilitate the description of
the numerical procedure, we will use a schematic notation for the neutron/proton potential
(while the corresponding detailed expressions are reported in Appendix B). We write, for
neutrons,
Un = Unp + Unn (11)
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and for protons
Up = Upn + Upp (12)
where each of the four pieces on the right-hand-side of Eqs.(11-12) depends on the appro-
priate G-matrix (nn, pp, or np) from Eq.(10). Clearly, the two equations above are coupled
through the np component and so they must be solved simultaneously. Furthermore, the
G-matrix equation and Eqs.(11-12) are coupled through the single-particle energy (which
includes the single-particle potential). So we have three coupled equations to be solved self-
consistently. As done in the symmetric case [9], we parametrize the single particle potential
for protons and neutrons (Eqs.(11-12)) in terms of two constants, US,i and UV,i, (the scalar




US,i + UV,i. (13)
For the purpose of facilitating the connection to the usual non-relativistic framework [5], it
is customary to redene US,i and UV,i in terms of two other constants dened as
mi = mi + US,i (14)
and
U0,i = US,i + UV,i. (15)
The subscript \i" signies that these parameters are dierent for protons and neutrons.
Starting from some initial values of mi and U0,i, the G-matrix equation is solved and a rst
approximation for Ui(ki) is then obtained. This solution is again parametrized in terms of
a new set of constants, and the procedure is repeated until convergence is reached. The
eective masses for neutrons and protons, mi , obtained through this procedure are shown
in Figs. (1-2) as a function of the Fermi momentum at various levels of asymmetry.
Finally, the energy per neutron or proton in nuclear matter is calculated from
ei =< Ti > + < Ui > . (16)







e(kF , α) =




III. PROPERTIES OF THE EQUATION OF STATE
The NN potential used in this work is the relativistic OBEP from Ref. [16] which uses
the Thompson equation and the pseudo-vector coupling for the pi and η mesons.
The EOS as obtained from our DBHF calculation is displayed in Fig. 3, as a function of kF
and for values of α between 0 and 1. The symmetric matter EOS saturates at kF  1.4fm−1
with a value of 16.7 MeV, in good agreement with the empirical values. For the compression









we nd a value of 233 MeV. This is in excellent agreement with the recent empirical deter-
mination of 22515 MeV [17].
As the neutron density increases (the total density remaining constant), the EOS becomes
increasingly repulsive and the minimum shifts towards lower densities. As the system moves
towards neutron matter, the \energy well" gets more and more shallow, until, for α larger
than about 0.8, the system is no longer bound.
We also show for comparison the EOS based on the BHF calculation, see Fig. 4. Also in
this case we have performed a self-consistent calculation based on the same realistic force.
However, no medium modications are included in the potential to account for the proper
Dirac structure of the nucleons in nuclear matter. As a consequence of that, saturation
of symmetric matter is obtained at a much higher density, a well-known problem with the
conventional approach.
In Fig. 5, we take a dierent look at the EOS. There, we plot the quantity e(kF , α) −
e(kF , 0) versus α
2. Clearly, the behaviour is linear, that is
e(kF , α)− e(kF , 0) = esα2, (20)
or parabolic versus α. This linear behaviour, shared with the non-relativistic predictions,
see Fig. 6, is reminiscent of the asymmetry term in the familiar semi-empirical mass formula.








This is shown in Fig. 7, where the solid curve is the prediction from the DBHF model
and the dashed corresponds to the BHF calculation. The DBHF prediction at saturation
density is about 30 MeV. Although in agreement at the lower densities, the two curves
dier considerably at high density. Empirical constraints on the high-density behaviour of
the nuclear symmetry energy would be very helpful. Energetic reactions induced by heavy
neutron-rich nuclei have been proposed as a mean to obtain crucial information on the high-
density behaviour of the nuclear symmetry energy and thus the EOS of dense neutron-rich
matter [18].
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IV. SUMMARY AND CONCLUSIONS
We have presented a microscopic calculation of the equation of state of nuclear matter
when protons and neutrons have dierent Fermi momenta. The calculation is self-consistent
and parameter-free, in the sense that no parameter of the NN force is adjusted in the
medium.
As expected, the single-particle energy moves up to less attractive values to merge with
the neutron matter equation of state when the proton density approaches zero. The depen-
dence of the EOS on the neutron excess parameter is clearly linear as a function of α2. We
make predictions for the nuclear symmetry energy and observe a large discrepancy between
the relativistic and the non-relativistic predictions at high density.
A relatively simple way to relate the microscopic EOS directly to structural properties of
nite nuclei is the use of a mass formula [14], where the \volume" term is directly related to
the EOS. In that context, it has been pointed out [14] that, unlike proton densities, neutron
densities are very sensitive to the EOS model. At the same time, precise data on neutron
radii and neutron skins are not readily available to discriminate clearly among models. Even
for a nucleus such as 208Pb, for which a fairly large database exists, determinations of the
neutron skins dier considerably from model to model [19]. We are presently in the process
of probing our EOS through such calculations of neutron radii and neutron skins.
The relative simplicity of a homogeneous innite system makes nuclear matter calcula-
tions a convenient starting point for the determination of an eective interaction suitable
for nite nuclei. Together with the local density approximation, this approach has been
used extensively and with success for proton-nucleus scattering. Our asymmetric matter
G-matrix is now available for DWBA calculations of scattering on asymmetric nuclei.
Ultimately, the goal is to study nuclei with high levels of asymmetry, about which very
little is known. Coherent eort from both the experimental and the theoretical side is
necessary in order to combine reliable models of the density dependence of the eective
nuclear force with reliable structure information. Hopefully, the RIA facility will be available
in the near future to answer open questions and help us understand the physics of the weakly
bound systems that are expected to exist at the limits of the nuclear chart.
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APPENDIX A: ELIMINATION OF THE ANGULAR DEPENDENCE
1. Angle-averaged Pauli operator




















(µ 6= ν = 1, 2) (A1)
In the angle-average approximation, one replaces the exact Q operator with its average
over all angles for xed P and K. That is, one denes









Q(P, K, θ)dθ (A2)
The variables ~P , ~K,~kµ are as dened previously, θ is the angle between ~P and ~K, and
Q 6= 0 for θ1 < θ < θ2.
Several cases can occur, depending on the values of K , P , kpF and k
n
F . Those are:
Q˜ =

0 K2 < 1
2
((knF )
2 + (kpF )
2)− P 2
1 (P −K)2 > (knF )2
1
4PK




K2 + P 2 − 1
2
((knF )





2. Averaged center-of-mass momentum
To simplify the integration leading to the single-particle spectrum and the energy per
particle (see Appendices B and C), we introduce the average center-of-mass momentum.
This is dened as the root-mean-square value of P for two particles with the constraint
that their relative momentum is K (case a), and, in addition, that one of the particles has
momentum kµ (case b).
a. K fixed







2 δ(K − 1
2
j~k1 − ~k2j)∫ knF
0 d~k1
∫ kpF
0 d~k2 δ(K − 12 j~k1 − ~k2j)
(A4)
To simplify the nal expressions, we introduce the following notation
x = knF + K y = k
p
F −K s = knF −K t = kpF + K (A5)
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2 + K2 K < kpF
8
5
K(s5 + y5) + 1
12
(ty + sx)3 + 2
3




K(s3 + y3) + 1
2
(ty + sx)2 + (s4 + y4)− 2(ty3 + sx3)
0 (knF + k
p
F ) < 2K
(A6)
b. K and kµ fixed
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where µ = 1, 2 and i=n or p.
APPENDIX B: NUCLEAR MATTER SINGLE-PARTICLE POTENTIAL





< µiνj jGijjµiνj − νjµi >=
∑
j1<N
< µiνj1jGinjµiνj1 − νj1µi > +
∑
j2<Z
< µiνj2 jGipjµiνj2 − νj2µi > (B1)































n  ! p
knF  ! kpF
)
(B2)
(α stands for the quantum numbers J, S and T).
Using the averaged-momentum approximation (see Appendix A),
Gα,ijLL (P ; K0, K0)  Gα,ijLL ( ~PAV ; K0, K0), (B3)



























~PAV ; K0, K0)








n  ! p
































n  ! p
knF  ! kpF
)
(B4)
The coecients T Tij contain the isospin dependence and are equal to
T T=0,1np = T T=0,1pn = 12 ; T 0nn = T 0pp = 0 ;T 1nn = T 1pp = 1
APPENDIX C: ENERGY PER NUCLEON IN NUCLEAR MATTER
The energy per neutron/proton is:







< µiνjjGij jµiνj − νjµi > (C1)







< µiνj jGijjµiνj − νjµi > (C2)
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which, in view of Eq.(B1), can be written as












By applying again the partial-wave decomposition and the average momentum approxi-
mation
Gα,ijLL (P ; K0, K0)  Gα,ijLL (PAV ; K0, K0) (C5)
the energy per neutron/proton is nally

































































LL (PAV ; K0, K0)
]
(C6)
where, again, i = n or p.
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FIG. 1. Neutron effective masses as a function of the Fermi momentum and for increasing values


















































FIG. 3. Energy per nucleon as a function of the Fermi momentum at differente values of the
asymmetry parameter (in steps of 0.1) from symmetric matter (lowest curve) to neutron matter




















































FIG. 5. The left-hand side of Eq. (20) versus α2 (DBHF model) for increasing values of the


























































FIG. 7. Nuclear symmetry energy as a function of the Fermi momentum. The solid line is
the prediction from DBHF calculation, while the dashed line is obtained with the conventional
Brueckner approach.
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